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When deriving a formula for the Hall conductivity of interacting electrons in Ref. 1, we have relied
on an unjustified implicit assumption that a certain gauge choice could be made. Only under this
condition would the formula follow. If this condition fails, the formula we derived does not lead to
the exactly quantized value of the Hall conductance in fractional Chern insulators.
As pointed out in Ref. 2 by Simon, Harper, and Read,
and independently by Haldane3 the formula (4.15) for
the Hall resistivity in Ref. 1 is not invariant under cer-
tain symmetries. In the case of Ref. 2, the symmetry
refers to the arbitrariness in defining the phase of the
Blochs states in each band, given an orbital basis. Hal-
dane refers to the choice of how to embed the orbitals
of a tight-binding Hamiltonian in position space, given a
Bloch basis. Under these transformations, the Hamilto-
nian is invariant, but the Hall conductivity, when com-
puted with formula (4.15) from Ref. 1, would be variant.
Both of these transformations are gauge transformations
on the basis of the full single-particle Hilbert space. Here,
we trace back the loss of gauge invariance as the result of
a choice of gauge, whose existence was implicitly assumed
but not proven.
In Sec. IV of Ref. 1, we make the decomposition
[Eq. (4.8)] of the position operator
X = T +A. (1)
As we remarked in the paper, the decomposition (1) is
not unique, but basis dependent. Under basis transfor-
mations of the single-particle Hilbert space, the operator
A transforms like an operator-valued gauge field. The
position operator X is invariant under such gauge trans-
formations.
In establishing the formula for the conductance, we
used that T generates translations in momentum space,
and moves the ground states away from a superposition
of Fock states with definite total momentum Q0. In con-
trast, the operator A does not shift momentum, for it
is diagonal in the single-particle momentum k. In other
words, we assumed T is strictly off-diagonal in k-space,
while A is diagonal in k-space.
All formal manipulations in Sec. IV follow from this ad-
ditive decomposition into two operators, one that shifts
and the other that does not not shift the total momen-
tum quantum number (assumed to be a good quantum
number) of the exact ground state. Notice that if such
decomposition is possible, it is not invariant under gauge
transformations. A gauge transformation will generically
add a diagonal in k contribution to T that is compen-
sated by an opposite shift in A. We have thus fixed a
gauge by requiring that T is strictly off-diagonal in k-
space. Therefore, the expression that we obtain for the
conductance is not gauge invariant, but gauge fixed.
Is this choice of gauge possible for the exact ground
state of any Hamiltonian satisfying the assumptions
made in Ref. 1? We have not shown it is in Ref. 1. This
is therefore an unjustified step. If it is not possible to
select such a gauge that permits the manipulations in
Sec. IV that involved translations in momentum space
and their effects on projected subspaces of definite mo-
mentum such as the subspace of ground states, then the
formula is not valid.
The manipulations of Sec. IV allowed us to dispose of
the contributions from the T operator defined by Eq. (1).
If there are contributions from T to the Hall conductivity
(because the gauge condition required to ignore T is not
permissible), then the formula we derived will never be
exact. It could at best serve as an approximation to the
quantized Hall conductance. We remark that, if approx-
imate, the expression is close to the quantized value in
all systems that we have thus far studied numerically.
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